
















Section A
Marks

Question 1 (20 marks)

(a) 2Find the exact value of

∫ ln 5

0

ex dx.

Solution:

∫

ln 5

0

ex dx = ex
]ln 5

0
,

= 5 − 1,
= 4.

(b) Integrate

(i) 2cos4 x sin x,

Solution:
∫

cos4 x.(−d cos x) = −1

5
cos5 x + c.

(ii) 2
x

x2 + 5
,

Solution: 1

2

∫

2x dx

x2 + 5
= ln(x2 + 5) + c.

(iii) 3
sin θ√

1 − cos θ
.

Solution:

∫

sin θ dθ√
1 − cos θ

=

∫

du

u1/2
,

= 2u1/2 + c,

= 2
√

1 − cos θ + c.

Put 1 − cos θ = u,

sin θ dθ = du.

(c) 4Evaluate

∫ e

1

ln(xx) dx.

Solution:

∫ e

1

x ln x dx =

[

x2

2
. lnx

]e

1

−
∫ e

1

x2

2
.
1

x
dx,

=
e2

2
− 1

2

∫ e

1

x dx,

=
e2

2
−
[

x2

4

]e

1

,

=
e2

2
−
{

e2

4
− 1

4

}

,

= 1

4
(e2 + 1) .

Putting u = ln x

and dv
dx = x

so that du
dx = 1

x

and v =
∫

x dx

= x2

2
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(d) (i) 4Express
x

(x − 2)(x − 1)
in partial fractions and hence find

∫

x dx

(x − 2)(x − 1)
.

Solution:
x

(x − 2)(x − 1)
≡ A

x − 2
+

B

x − 1
,

i.e. x ≡ A(x − 1) + B(x − 2).
Put x = 2, A = 2,

x = 1, B = −1.

∴
x

(x − 2)(x − 1)
=

2

x − 2
− 1

x − 1
.

∫

x dx

(x − 2)(x − 1)
=

∫

2 dx

x − 2
−
∫

dx

x − 1
,

= 2 ln(x − 2) − ln(x − 1) + c.

(ii) 3Evaluate

∫ 3

−1

4 dx

x2 − 2x + 5
by completing the square on the denominator.

Solution:

∫

3

−1

4 dx

x2 − 2x + 1 + 4
=

∫

3

−1

4 dx

(x − 1)2 + 22
,

= 4

[

1

2
tan−1

(

x − 1

2

)]3

−1

,

= 2

{

π

4
− −π

4

}

,

= π.
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Marks

Question 2 (20 marks)

(a) (i) 3Verify by substitution that 1 + 2i is a solution of the quadratic equation
x2 + 5 = 2x.

Solution: L.H.S. = (1 + 2i)2 + 5, R.H.S. = 2 + 4i,
= 1 + 4i − 4 + 5, = L.H.S.
= 2 + 4i.

Therefore true.

(ii) 1Write down the other solution.

Solution: 1 − 21.

(b) Simplify, leaving in the form a + ib:

(i) 1−i73,

Solution: −i × (i2)36 = −i (or 0 − i if you like).

(ii) 2(3 + i)(5 − i),

Solution: 15 − 3i + 5i + 1 = 16 + 2i.

(iii) 2
3 − 4i

4 + 3i
,

Solution:
3 − 4i

4 + 3i
× 4 − 3i

4 − 3i
=

12 − 9i − 16i − 12

16 + 9
,

= −i.
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(c) (i) 3Draw an Argand diagram showing the three vectors

1 + 2i

2
,

1 − 2i

2
,

1 + 2i

1 − 2i
.

Solution:

1−1

1

−1

Re

Im

α

−α

2α

α = tan−1 2

(ii) 2Sketch |z − 1| 6 2 on an Argand diagram.

Solution:

1 2 3 4−1−2

1

2

−1

−2

Re

Im

(d) (i) 2Let z = cos θ + i sin θ, then show that zn + z−n = 2 cos nθ.

Solution: zn = cos nθ + i sin nθ (from De Moivre’s theorem),
and z−n = cos nθ − i sin nθ.

Adding, zn + z−n = 2 cos nθ.
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(ii) 4Hence or otherwise, find

∫

cos6 x dx.

Solution: (2 cos θ)6 =

(

z +
1

z

)6

,

=

(

z6 +
1

z6

)

+ 6

(

z4 +
1

z4

)

+ 15

(

z2 +
1

z2

)

+ 20,

64 cos6 θ = 2 cos 6θ + 12 cos 4θ + 30 cos 2θ + 20,
cos6 θ = 1

32
(cos 6θ + 6 cos 4θ + 15 cos 2θ + 10).

∫

cos6 θ = 1

32

∫

(cos 6θ + 6 cos 4θ + 15 cos 2θ + 10)dθ,

= 1

32

(

sin 6θ

6
+

6 sin 4θ

4
+

15 sin 2θ

2
+ 10θ

)

+ c,

=
1

64

(

sin 6θ

3
+ 3 sin 4θ + 15 sin 2θ + 20θ

)

+ c.
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Section B
(Use a separate writing booklet.)

Marks

Question 3 (20 marks)

(a) (i) If z = x + iy, the conjugate of z, z = x − iy. Prove that
(α) 1|z| = |z|,

Solution: |z| =
√

x2 + y2,

|z| =
√

x2 + (−y)2,

=
√

x2 + y2,

= |z|.

(β) 1zz = |z|2,

Solution: zz = (x + iy)(x− iy),
= x2 − (i2y2),
= x2 + y2,

= (
√

x2 + y2)2,

= |z|2.

(γ) 1If w = u + iv, then (z + w) = z + w.

Solution: z + w = (x + iy) + (u + iv),
= (x + u) + i(y + v).

Now (z + w) = (x + u) − i(y + v),
= x − iy + u − iv,

= z + w.

(ii) Two variable complex numbers z and w are such that z+z = 3 and ww = 4.
(α) 3Show on the same Argand diagram the loci of the points which represent

z and w.

Solution: If z = x + iy, z = x − iy.

Then z + z = 2x = 3 =⇒ x = 11

2
.

Locus of z is the line x = 11

2
.

Now ww = x2 + y2, (from (i)(β))
i.e. x2 + y2 = 4,
so the locus of w is a circle centre (0, 0) of radius 2.
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1 2−1−2

1

2

−1

−2

locus of w

z

Re

Im

(β) 2Find in the form a + ib the complex numbers represented by the points
of intersection of the two loci.

Solution: Substituting x =
3

2
into x2 + y2 = 4,

9

4
+ y2 = 4,

y2 =
7

4
,

y = ±
√

7

2
.

∴ the points of intersection are

(

3

2
+ i

√
7

2

)

and

(

3

2
− i

√
7

2

)

.

(b) (i) 2Sketch h(x) = |x − 1| − 1, over [−2, 4].

Solution:

1 2 3 4 5−1−2−3

1

2

3

−1

−2

x

y
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Hence sketch the following:

(ii) 3
(

h(x)
)2

,

Solution:

1 2 3 4 5−1−2−3

1

2

3

−1

−2

x

y

(iii) 3
1

h(x)
,

Solution:

1 2 3 4 5−1−2−3

1

2

3

−1

−2

x

y

(iv) 4ln

(

1

h(x)

)

.

Solution:

1 2 3 4 5−1−2−3

1

2

3

−1

−2

x

y
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Marks

Question 4 (20 marks)

(a) A particle is fired from a point A which is 32m above horizontal ground.
The angle of projection above the horizontal is α, where tanα = 1

2
.

The point O is on the ground, vertically below A. The projectile strikes the
ground at a point 64m distant from O. (In this question, take the acceleration
due to gravity to be 10 ms−1.)

(i) 4Derive the cartesian equation of the trajectory and hence find the speed of
projection.

Solution:

10 20 30 40 50 60 70

10

20

30

x

y

U

αA

O

β

ẍ = 0, ÿ = −10,
ẋ = U cos α, ẏ = U sin α − 10t,
x = Ut cos α, y = 32 + Ut sin α − 5t2,

t =
x

U cos α
, y = 32 +

Ux sin α

U cos α
− 5x2

U2 cos2 α
,

= 32 +
x

2
− 5x2

U2

(

1 +
1

4

)

,

= 32 +
x

2
− 25x2

4U2
.

Now, when x = 64, y = 0, and thus 0 = 32 + 32 − 25600

U2
,

64U2 = 25600,
U2 = 400,
U = 20.

The initial speed is 20 ms−1.

(ii) 2Show that, at the highest point of its path, the projectile is at a height of
36m above the ground.
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Solution: At the highest point ẏ = 0,

∴ t =
U sin α

10
,

=
20√

5 × 10
,

=
2
√

5

5
.

So y = 32 +
20 × 2

√
5

5 ×
√

5
− 5 × 20

25
,

= 32 + 8 − 4,
= 36 as required.

(iii) 4Find the magnitude and the direction of the velocity of the projectile just
before it strikes the ground.

Solution: Using t =
x

U cos α
, we have, at the moment of impact,

t =
64

20
×

√
5

2
,

=
8√
5
.

Also, ẋ = U cos α, ẏ = U sin α − 10t, so evaluating the components of
velocity at the moment of impact,

ẋ = 20 × 2√
5
, ẏ =

20√
5
− 10 × 8√

5
,

=
40√

5
, = − 60√

5
.

The magnitude is

√

402

5
+

602

5
≈ 32.25 ms−1,

and the direction is tan−1 −60

40
, i.e. tan−1 3

2
below horizontal.

(iv) 3Find the time after projection at which the velocity of the projectile makes
an angle β below the horizontal, where tan β = 3

4
.

Solution: −3

4
=

(

20√
5
− 10t

)

÷
(

20 × 2√
5

)

,

=
20√

5
×

√
5

40
− 10

√
5t

40
,

=
1

2
−

√
5t

4
,

√
5t

4
=

5

4
,

t =
√

5,

i.e. it will be
√

5 seconds after projection.
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(b) Find the number of ways of seating 6 men and 6 women around a table if:—

(i) 1there is no restriction on where the people sit,

Solution: Sit any one of the 12 in any position. The remaining 11 may
be seated in 11! ways.
Thus the number of ways is 11! = 39 916 800.

(ii) 2a particular woman wants to sit between two particular men,

Solution: Sit the particular woman anywhere then the two men can be
seated left and right or right and left, i.e. 2 ways. The remaining 9 can
be seated in 9! ways.
Therefore the number of ways is 2 × 9! = 725 760.

(iii) 2two particular women want to face each other across the table,

Solution: First seat one of the women in any position, there is then
only one place facing for the other. the other ten can be seated in 10!
ways.
So the number of ways is 10! = 3 628 800.

(iv) 2two particular people do not wish to sit together.

Solution: The ways they can be seated together is 2 and the others
may be seated in 10! ways, i.e. the ways of seating them together is
2 × 10! Now, from part (i), the total ways of seating all the people is
11! This implies that the ways of seating everyone so the two are not

together is 11! − 2 × 10! = 32 659 200.
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Section C
(Use a separate writing booklet.)

Marks

Question 5 (20 marks)

(a) Without using the calculus, sketch the following functions,
showing any significant features.

(i) 4f(x) =
x2 + 1

x2 + x − 2
,

Solution: f(x) =
x2 + 1

(x + 2)(x − 1)
,

=
1 + 1

x2

1 + 1

x
− 2

x2

.

Vertical asymptotes x = −2, and x = 1.
lim

x→±∞

f(x) = 1, hence horizontal asymptote y = 1.

Putting f(x) = 1, x2 + 1 = x2 + x − 2,
1 = x − 2,
x = 3,

so the curve cuts the asymptote at (3, 1).
f(0) = −1

2
, (i.e. y-intercept),

but x2 + 1 has no real zeroes, so there is no x-intercept.
Near the asymptotes, f(x) → ∞ as x → −2−

f(x) → −∞ as x → −2+

f(x) → −∞ as x → 1−

f(x) → ∞ as x → 1+

2 4 6−2−4

2

−2

x

y

(ii) 4g(x) =
−2x3 + 6x

2x2 − 6x
.

Solution: g(x) =
2x

2x
.
−x2 + 3

x − 3
,

=
−x2 + 3

x − 3
if x 6= 0
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Now, using Horner’s method,

− 1 0 3

3 − 3 − 9

− 1 − 3 − 6

thus g(x) = −x − 3 − 6

x − 3
.

So the graph has a vertical asymptote at x = 3
and an oblique asymptote y = −x − 3.
Near the vertical asymptote, g(x) → ∞ as x → 3−

g(x) → −∞ as x → 3+

x-intercepts when g(x) = 0, i.e. − x2 + 3 = 0, x = ±
√

3.
Also, lim

x→0
g(x) = −1.

1 2 3 4 5 6 7 8 9−1−2−3−4−5−6

5

10

−5

−10

−15

x

y

bc

(b) (i) 2Let P (x) be a degree 4 polynomial with a zero of multiplicity 3. Show that
P ′(x) has a zero of multiplicity 2.

Solution: P (x) = (x − α)3Q(x), where Q(α) 6= 0,
P ′(x) = (x − α)3Q′(x) + 3(x − α)2Q(x),

= (x − α)2[(x − α)Q′(x) + 3Q(x)],
= (x − α)2R(x), where R(α) = 3Q(α) 6= 0.

So P ′(x) has a zero of multiplicity 2.

(ii) 2Hence or otherwise find all zeroes of P (x) = 8x4 − 25x3 + 27x2 − 11x + 1,
given that it has a zero of multiplicity 3.
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Solution: Let P (x) = 8x4 − 25x3 + 27x2 − 11x + 1,
and let x = α be the zero of multiplicity 3.
P ′(x) = 32x3 − 75x2 + 54x − 11,
P ′′(x) = 96x2 − 150x + 54,

= 6(16x2 − 25x + 9),
= 6(x − 1)(16x − 9).

So the zeroes of P ′′(x) are x = 1 and x = 9

16
.

Testing x = 1, P (1) = 0 and P ′(1) = 0, so P (x) = (x − 1)3Q(x).
Let x = β be the other zero,

then α + α + α + β =
25

8
,

β =
25

8
− 3,

=
1

8
.

So the zeroes of 8x4 − 25x3 + 27x2 − 11x + 1 are x = 1, 1, 1, 1

8
.

(c) 4Find all integral solutions of the following simultaneous equations:

x2 + y = 3 . . .
�

�

�

�
1

y2 + x = 5 . . .
�

�

�

�
2

Solution: From
�

�

�

�
1 : y = 3 − x2.

Sub. in
�

�

�

�
2 :

(

3 − x2
)2

+ x = 5,
x4 − 6x2 + x + 4 = 0.

Now, putting P (x) = x4 − 6x2 + x + 4,
P (1) = 1 − 6 + 1 + 4 = 0.

So (x − 1) is a factor of P (x) and,
using long division,

x3 + x2 − 5x − 4

x − 1
)

x4 − 6x2 + x + 4
− x4 + x3

x3 − 6x2

− x3 + x2

− 5x2 + x

5x2 − 5x

− 4x + 4
4x − 4

0

or using Horner’s method,

1 0 − 6 1 4

1 1 1 − 5 − 4

1 1 − 5 − 4 0

Now, putting Q(x) = x3 + x2 − 5x − 4,
Q(1) = 1 + 1 − 5 − 4 6= 0,

Q(−1) = −1 + 1 + 5 − 4 6= 0,
Q(2) = 8 + 4 − 10 − 4 6= 0,

Q(−2) = −8 + 4 + 10 − 4 6= 0.

Page 14 of 20 . . . /exams/2010/Year12/Task#2.tex 25/6/2010



So there are no more integral solutions.
When x = 1, y = 2; so the only integral solution is (1, 2).

(d) 4The polynomial P (x) leaves a remainder 3 when divided by x + 1, and a re-
mainder 1 when divided by x− 1. Find the remainder when P (x) is divided by
x2 − 1.

Solution: P (x) = (x + 1)Q1 + 3 . . . . . . . . . . . . . . . . .
�

�

�

�
1

P (x) = (x − 1)Q2 + 1 . . . . . . . . . . . . . . . . .
�

�

�

�
2

P (x) = (x + 1)(x − 1)Q3 + (ax + b) . . .
�

�

�

�
3

P (−1) = 3 = −a + b . . . . . . . . . . . . . . . . . . . . (from
�

�

�

�
1 and

�

�

�

�
3 )

P (+1) = 1 = a + b . . . . . . . . . . . . . . . . . . . . (from
�

�

�

�
2 and

�

�

�

�
3 )

Solving simultaneously, −a + b = 3 . . .
�

�

�

�
4

a + b = 1 . . .
�

�

�

�
5

2b = 4 . . .
�

�

�

�
4 +

�

�

�

�
5

b = 2

a + 2 = 1 . . . (substitute in
�

�

�

�
5 )

a = −1

Thus the remainder after division by x2 − 1 is −x + 2.
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Marks

Question 6 (20 marks)

(a) Nine people, of whom three are brothers and two are sisters, are divided into
three groups of three.

(i) 5Show that the probability of the sisters being in the same group is 1

4
.

Solution: Suppose the sisters are in the first group.
The 3rd person in this group can be chosen in

(

7

1

)

ways, i.e. 7 ways.

The 2nd group of 3 can be formed from the remaining 6 in
(

6

3

)

ways,
i.e. 20 ways.
The third group is formed by the 3 people left — 1 way.
Now the sisters can be in the 1st, 2nd, or 3rd group.
∴ The number of ways of arranging the three groups so the sisters are
in the same group is 7 × 20 × 1 × 3 = 420.
If there are no restrictions on the people forming a group,
the 1st group of 3 can be formed in

(

9

3

)

ways, i.e. 84 ways,

the 2nd group of 3 can be formed in
(

6

3

)

ways, i.e. 20 ways,

the 3rd group of 3 can be formed in
(

3

3

)

ways, i.e. 1 way.
∴ The number of ways of dividing 9 people into 3 groups of 3
is 84 × 20 × 1 = 1680.

So the probability of the 2 sisters being in the same group is
420

1680
=

1

4
.

(ii) 4Find the probability that one group contains at least two of the brothers.

Solution: The number of ways of arranging the brothers so there is one
of them in each group is 3 × 2 × 1 = 6 ways.
The 1st group can then be completed in

(

6

2

)

ways, i.e. 15 ways.

The 2nd group can be completed in
(

4

2

)

ways, i.e. 6 ways.
The last group can then be completed in only 1 way.
∴ The ways of selecting the groups so that each has a brother is
6 × 15 × 6 × 1 = 540 ways.

Probability of each group containing one brother is
540

1680
=

9

28
.

The probability of one group containing at least two brothers is
1 – probability of each group containing one brother.

That is, 1 − 9

28
=

19

28
.
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(b) Let In =

∫ π

2

0

(sin x)ndx, where n is an integer, n > 0.

(i) 3Using integration by parts, show that, for n > 2,

In =

(

n − 1

n

)

In−2.

Solution: In =

∫ π

2

0

sinn−1 x. sin x dx,

=

∫ π

2

0

sinn−1 x.
d(− cos x)

dx
dx,

=
[

− cos x. sinn−1 x
]

π

2

0

− (n − 1)

∫ π

2

0

sinn−2 x. cos x. − cos x dx,

= 0 + (n − 1)

∫ π

2

0

sinn−2 x.(1 − sin2 x) dx.

i.e. In = (n − 1)In−2 − (n − 1)In,

In + (n − 1)In = (n − 1)In−2,

nIn = (n − 1)In−2,

In =

(

n − 1

n

)

In−2, as required.
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(ii) 3Deduce that I2n =
2n − 1

2n
.
2n − 3

2n − 2
. . .

3

4
.
1

2
.
π

2

and I2n+1 =
2n

2n + 1
.
2n − 2

2n − 1
. . .

4

5
.
2

3
.1.

Solution: From (i), I2n =
2n − 1

2n
I2n−2,

=
2n − 1

2n
× 2n − 3

2n − 2
I2n−4, etc.

Note that I0 =

∫ π

2

0

(sin x)0 dx,

=

∫ π

2

0

1 dx,

=
π

2
,

and I2 =
1

2
× π

2
,

I4 =
3

4
× 1

2
× π

2
,

∴ I2n =
2n − 1

2n
× 2n − 3

2n − 2
× · · · × 3

4
× 1

2
× π

2
.

Similarly, I2n+1 =
2n

2n + 1
I2n−1,

I2n+1 =
2n − 2

2n − 1
I2n−3, etc.

Also I1 =

∫ π

2

0

sin x dx,

= −
[

cos x
]

π

2

0

= 1.

and I3 =
2

3
× I1 =

2

3
× 1,

and I5 =
4

5
× I3 =

4

5
× 2

3
× 1,

∴ I2n+1 =
2n

2n + 1
× 2n − 2

2n − 1
× · · · × 4

5
× 2

3
× 1.

(iii) 1Explain why Ik > Ik+1.

Solution: For 0 < x < π
2
, 0 < sin x < 1.

∴ 0 < (sin x)k+1 < (sin x)k < 1, for
0 < x < π

2
and k > 0 and an integer.

∴

∫ π

2

0

(sin x)k+1 dx <

∫ π

2

0

(sin x)k dx

that is Ik > Ik+1.
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(iv) 4Hence, using the fact that I2n−1 > I2n and I2n > I2n+1,

show that

π

2

(

2n

2n + 1

)

<
22.42 . . . (2n)2

1.32.52 . . . (2n − 1)2(2n + 1)

<
π

2
.

Solution: Given that I2n > I2n+1 :
2n − 1

2n
× 2n − 3

2n − 2
× · · · × 3

4
× 1

2
× π

2

>
2n

2n + 1
× 2n − 2

2n − 1
× · · · × 4

5
× 2

3
× 1

∴
π

2
>

(2n)2(2n − 2)2 × · · · × 42 × 22

(2n + 1)(2n − 1)2(2n − 3)2 × · · · × 52 × 32 × 12
. . . . . . . . . . . . .

�

�

�

�
1

Given that I2n−1 > I2n :
2n − 2

2n − 1
× 2n − 4

2n − 3
× · · · × 4

5
× 2

3
× 1

>
2n − 1

2n
× 2n − 3

2n − 2
× · · · × 3

4
× 1

2
× π

2

∴
(2n)(2n − 2)2(2n − 4)2 × · · · × 42 × 22

(2n − 1)2(2n − 3)2 × · · · × 52 × 32 × 12
>

π

2
. . . . . . . . . . . . . . . . . . . . .

�

�

�

�
2

�

�

�

�
2 × 2n

2n + 1
:

(2n)2(2n − 2)2(2n − 4)2 × · · · × 42 × 22

(2n + 1)(2n − 1)2(2n − 3)2 × · · · × 52 × 32 × 12
>

π

2

(

2n

2n + 1

)

. . . . .
�

�

�

�
3

From
�

�

�

�
1 and

�

�

�

�
3 , we get:

π

2

(

2n

2n + 1

)

<
22 × 42 × · · · × (2n)2

(2n + 1)(2n − 1)2(2n − 3)2 × · · · × 52 × 32 × 12

<
π

2
, as required.

End of Paper
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